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§ 1. Introduction.
In [9] , Pinkall developes a Lie's sphere geometry on hypersurfaces in a space form and successfully applies the theory to a class of hypersurfaces called "Dupin". A Dupin hypersurface is a hypersurface each of which principal curvatures has a constant multiplicity with a vanishing derivative in the corresponding curvature direction. One of his results is the local Lie equivalence of cyclides of Dupin with isoparametric hypersurfaces, where a cyclide of Dupin is a Dupin hypersurface with exactly two principal curvatures. This is essentially used in [4] to find a solution to a simple progressing wave equation.
For any integer g, we can construct a Dupin hypersurface with g principal curvatures of arbitrary multiplicities. Isoparametric hypersurfaces, however, have ge{l, 2, 3, 4, 6} principal curvatures with non-arbitrary multiplicities if g^3. Thus the equivalence problem between Dupin hypersurfaces and isoparametric hypersurfaces for g^3 requires some more conditions on Dupin hypersurfaces.
In [11] , Thorbergsson guarantees coincidence of compact embedded Dupin hypersurfaces with isoparametric hypersurfaces in cohomology level. This motivates Cecil and Ryan a conjecture [3] : A compact embedded Dupin hypersurface is Lie equivalent to an isoparametric hypersurface. Besides the trivial case g=l, this is already known true when g=2 [2] . For g=3 f the author gives a positive answer in [4] . In this paper, we find a certain Lie invariant by which we get a non-trivial necessary condition for the equivalence when g=A and 6. A sufficient condition for g=4 is obtained as well, and in the forthcoming paper, we give it for g=β.
After this paper was finished, Pinkall and Thorbergsson construct counterexamples to the conjecture for g=4 [10] . Independently, Ozawa and the author get counterexamples for g=4 and 6 in [6] , using a new method producing taut embeddings. Both examples are shown to be not Lie equivalent to isoparametric hypersurfaces by using the Lie invariant obtained in the present paper. 
tf-iO(r-Aθ is invariant under Lie transformations.
An immediate consequence of this theorem is:
COROLLALY. For a Dupin hypersurface M in M(c) with four or six principal curvatures to be Lie equivalent to an isoparametric hypersurface, the function Ψ must be constant on M for any distinct four principal curvatures λ, μ, v, τ of M.
As for a sufficient condition, we have: for all q^L τ , resp.), then M is Lie equivalent to an isoparametric hypersurface in a sphere.
THEOREM II. Let M be a compact embedded Dupin hyperface with four principal curvatures λ>μ>v>τ in M(c). If Ψ is constant on M and if for each λ-leaf L λ (j-leaf L τ , resp.), there exists a v-leaf
In § 2-3, we give a summery of Lie's sphere geometry, and prove Theorem I in §4. In §5-7, we investigate compact embedded Dupin hypersurfaces with four principal curvatures. We use the constantness of Ψ in § 8-9. The assump tion on leaves is used in the last section to prove Theorem II. § 2. Definitions.
Let M(c) be an n-dimensional complete simply-connected space form of constant curvature c.
(i) The multiplicity of each principal curvature is constant on M.
(ii) Each principal curvature is constant along its leaf of the corresponding curvature distribution. __ By an isoparametic hypersurface, we mean an immersed hypersurface in M(c) with constant principal curvatures. Obviously, isoparametric hypersurfaces are Dupin, but a (non-isometric) conformal image of an isoparametric hypersurface and its parallel hypersurfaces are non-isoparametric Dupin hypersurfaces.
By conformal invariance of Dupin hypersurfaces and the function Ψ, we discuss on the objects in S n -M(l) in this paper. A Lie transformation is a transformation on a space of all oriented hyper-shperes in S n that preserves oriented contact (see §3). An immersed submanifold X in S n is said to be taut, if for all xε5" such that d x :-d(x, ) 2 (square of the spherical distance) is a Morse function on M, the number of critical points of d x is equal to β(M; Z 2 ), the sum of Z 2 -Betti numbers of M.
Lie in variance of tautness is first mentioned by Pinkall [8] , and is proved by Cecil and Chern [1] . Now the important is: THEOREM (Thorbergsson [11] This theorem motivates Cecil and Ryan the conjecture, and is essentially used in this paper. §3. Basic facts.
In this section, we review Lie geometric description of hypersurfaces in S n , and give basic facts on Lie transformations. For details, see [9] . 
Let
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§4. Principal curvatures of a Lie image.
In this section, we compute principal curvatures of a Lie image of a hypersurface M in S n . To define "a Lie image" precisely, we review the Legendre map from M to the space of lines in Q which we denote by A 2n~\
Then we study about spherical projections from A 271 ' 1 to a sphere, and show that it is sufficient to take a special spherical projection when we study Lie images of M. Next, for later use, we compute derivatives of principal curvatures (4.2) of the spherical projection (4.1). Let X^T P M be a direction of curvature corresponding to the curvature sphere λk ί (p)+k 2 
So if Y^T P M is also a direction of curvature corresponding to λk ι {p)-\-k 2 {p) y noting a) and c) in §3, we have
Since it is easy to see that a-βλ=-, we obtain: At p, the image hypersurf ace has the "common" normal geodesic defined in [5] .
For the proof, we need: 
The first equality in (i), then follows automatically, (ii) and (iii) are similarly proved. q. e. d.
To prove Proposition 5.1, it is sufficient to show that there is a Lie transformation .^e 0(?2-}-l, 2) such that the image hypersurface has the "common" normal circle at p [5] , i.e.: We can start now from a compact embedded Dupin hypersurface q: M-*S n which has a point p<^M, at which the normal geodesic is "common". The purpose of this section is to show:
. The normal geodesic γ at p cuts M at eight points pi-r P> Piy '" > ίs ϊ is the common normal geodesic at every point />*(/=1, •••, 8).
Moreover, all leaves at pi's are connected as in Fig. 6 (M) are represented by L^ and L Γ , respectively. We denote other nontrivial cycles by which are image cycles of the fundamental cycles of ΛΓi's by maps /ι t 's defined in [11] . Note that the intersection number S( , ) satisfies
We denote by JSJ*, the ball such that dB In the same way, the index of p 8 In this section, we find a Lie transformation ^4 3 e0(2, 2)cO(n+l, 2), which maps fΠM from the position in Fig. 6 .1 to the position in Fig. 7.2 . We follow the argument in [5] . That is, we restrict our argument to Γ=S 1 , on which, any pair of points connected by some leaf is considered as an oriented hypersphere of S 1 . We give positive orientation to a leaf L* if β?=cot" 1 * < >0, *= λ, μ, v, τ. (Recall that Θ* is chosen so that -π/2<θ*£π/2).
First of all, since L{Γ\Ll-{φ} f we can transform S 1 conformally so that the images of Li and Li are centered at mutually antipodal points. Then by a conformal transformation fixing these centers, we may assume that λ(pι)= cotθ-λ(p δ ) for some O<0<7r/2. Note that in §9, we denote the combination of these conformal transformations by C. Now, put 9=cot" 1 (-r(i 2 )), ^=cot" 1 (-τ(ί 1 )), φ f^c ot~\-τ{p 4 )) and φ' = cot-\-τ(p β )), where 0<φ, ψ, φ', ψ'<π/2(see Fig. 7.1 ). Then since (θ-\-φ+ψ)+ (θ+φ /J rφ f ) is less than π, we may assume (7.6) z+w;tan^=tan(
In fact, (4), (7) and (8). (10) i.e. K ^I. This guarantees j> 2^0 in (7.8) , and finally, the whole solution is given by -cosωcosβ w=l, v= -where θ^cos" Thus, in this case again, solutions are given by (7.9). § 8. Under the assumption that ¥ is constant on M.
Here, for the first time, we assume that Ψ is constant on M. Proof. Consider the image hypersurface shown in Fig. 7 From the results in §5-8, when Ψ is constant on M, we see that at each point p of M 9 there exists Lie transformation Λp=A δ Λ^'Λ z C'Λ 2 'Λ 1 of which image satisfies the relation in Fig. 9 .1 where we denote the image point of p by pi and the normal geodesic at p γ by γ. Note that this result is obtained not only by a local calculation but also by using a global property "tautness" of M. Now we show: At x u the relation of the normal geodesic and M is the same as in Fig. 9.1 
